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The advantage of considering angle as a fourth fundamental quantity of geometry 
and physics is stressed, and an alternative approach is suggested to introduce an angular 
dimension in such a way that the physical laws, in any form, are dimensionally homogeneous. 
A few examples are described to show how some equations of mathematics and mechanics 
should be revised to put the new point of view into practice. 



1. Introduction 

Chester H. Puge ^ recently wrote in this Journal 
a most interesting study about ^'physical entities and 
their mathematical representations." One of the 
ideas in that paper, which will be of interest here, is 
that advantage^ can be* gained from consi(hM-ing angle 
as an additional fundamental (luaiitity. Dr. Page 
rightly points out that, since the measure of an 
angle depends on the chosen angle unit, it woidd be 
natural not to considei- it a dinuMisionless quantity. 
That point of view could hardly be overstressed, and 
the present writer has the unpleasant feeling of an 
artificial trick about the generally accepted rule that 
angle is a dimensionless quantity, but may only be 
measured in radians if trouble is to be avoided. 

Moreover, ignoring tlu* dinuMision of angle de- 
prives dimensional analysis of a part of its fruit fulness. 
Although the number of fuiuhimental ({uantities in a 
dimensional theory is not assigned by any logical 
prescription, it is well known ^ that the optinunu 
number of fundamental quantities is the smallest 
number that is enough to express every physical 
quantity in the theory in terms of properly chosen 
fundamental quantities, without arbitr-arily assigning 
a dimensionless status to any physical constant. In 
view of these arguments, it seems rather surprising 
that earlier attempts ^'^'^'^ did not seem to meet 
any widespread audie!ic(\ 

This paper describes an alternative ap])roach to the 
introduction of an angular dimension. It must not 
be construed as polemics agauist Page's approach: 
actually both systems are equally consistent. How- 
ever, let it be noted that the present point of view 
does away with the unappealing feature, in Page's 
system, that Euler's foi'inula 



= cos x-\-i sin x 



H' 



■1) 



is (Hmensionally nonhomogeneous, and that therefore 
dimensional liomogeneitA" is not preserved when the 
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complex exponential formalism is used in physics 
instead of trigonometric functions. Of course, the 
difficulty can be disposed of by stating that ^^this is 
an illustration of the fact that equations used in 
physics need not be dimensionall}^ homogeneous 
when terms arise from the use of an artifice. The 
fimction e^^ does not actually occur in physics; it is 
introduced with the convention that its real part 
alon(* (or its imaginary part alone) represents a 
variable of interest. Nonartiiicial exponentials, such 
as e"^^^'^', hav(^ nnmeric exponents." (S(m* footnote 1.) 
But it seems simpler to (k^iine the angidai- dimension 
so that Euler's formula is (hnuMisionally homogene- 
ous; that will be done ])resently. (liowever, the 
possibility of reconciling Page's scheme with the 
requirement of homogeneity will be shown at the end 
of section 3.) Moreover, the present treatment 
seems to allow a more straightforward extension to 
solid angles, taken as another distinct fimdainental 
quantity, on the same footing with plane angle, by 
simplv substituting ''stei'adian" for ^'radian" and 
'^area'" for 'length" in eq (la). 

On the other hand, this attempt misses the pleas- 
ant feature, in Page's work, that torque and energy 
acquire (hfferent dimensions (as do action and angu- 
lar momentum, or areal velocity and kinematic vis- 
cosity coefficient). But there really is no reason, in 
the theory of dimensions, to demand that no two 
different physical quantities sliould have the same 
dimensional formula; and it seems hardly possible to 
devise a dhnensional system in which no such dupli- 
cation would happen anywhere: for instance, even 
in Page's system, a frequency and a velocity gradient 
have the same dimensions. 

2. Basic Definitions 

The appearance of angles in an equation can often 
be traced to the relation 



s=eE 



(1) 



between an arc 5 of a circle, its radius B and the 
central angle 6 measured in radians. The necessity 
of dimensional homogeneity of both sides of eq (1) 
(in which s and R are lengths) seems to imply that 
6 is dimensionless. 
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It has been tried (see footnote 6) to avoid contra- 
diction by taking into consideration two kinds of 
' 'angles' ^ the '^geometrical angle" which is the usual 
one, a quantity related to the portion of the plane 
contained between two concurrent straight lines, and 
the ''analytical angle'' which is the 6 to be found in 
eq (1). But the so-called "analytical angle" is no 
new notion indeed: it is plahily the measure of the 
angle in radians. This can be seen immediately from 
eq (1), which originates in a theorem stating that in 
a circle two arcs are proportional to their central 
angles. Wlien one of the arcs is equal to the radius 
its central angle is one radian, and the proportion 
becomes 

6-= ((9/1 rad)A^ (la) 

which is the correct form of eq (1), with 6 a true 
"geometrical" angle. 

How is it that one should think hhnself obliged to 
particularize the measures of angles under the name 
of "analytical angles/' while not feeling any need 
whatsoever of "analytical lengths," "analytical 
masses" or "analytical time"? Tlie explanation, 
and the reason why mechanics could be developed 
without recognizing the fundamental dimension of 
angle, is that angles often appear in mechanics 
through their measure in radians, wliich indeed can 
be seen to be derived from eq (la). Something simi- 
lar happens in other chapters of physics: for instance 
it is well-known tliat the dimensional analysis in 
photometry is less complete if the further funda- 
mental dimension of solid angle is not taken into 
account; actually what is here being said of angles 
can be extended to solid angles. 

Tlie basic angular quantity wdll be taken here to 
mean the ordinary "geometrical" angle, certainly the 
most primary notion in any study of angles. Trig- 
onometric functions will be defined in the elemen- 
tary w^ay as ratios of lengths, i.e., dhnensionless 
quantities. This is snnpler than starting from power 
expansions, and has the advantage of putting sin 
and cos on an equal footing. 

Since the denominator (1 rad) will often appear, I 
shall write for the sake of brevity, for any quantity Q: 



<?/(! rad) = <()>. 



(2) 



This should not be mistaken for the dimensionless 
measure of Q: it is so only for angles. (When is 
an angle 6, <^> is simply the "analytical" alter- 
native to the "geoinetrical" angle d.) Thus eq (la) 
will be written 

s=<:e>R, (3) 

3. Angular Dimension in Mathematics 

Restrictions are met in nnithematics about angles, 
at least on two occasions: these are eq (1), and the 
following: 

hme^o(sini9)/6'=l, (4) 

both of which are only true when 6 is measured in 
radians. Equation (ij has just been dealt with, and 
its general form (3) has been obtained. The same 
can be done to eq (4), which is a direct daughter of 



eq (1). The reader should turn back to the elemen- 
tary demonstration of eq (4); the general scheme is: 
(1) show that the length of an arc 6 of a circle lies 
between those of two line segments which are pro- 
portional to sin 6 and tan 6; (2) divide by the radius 
B: the two segments yield sin d and tan 6, while the 
arc becomes s/R, or <Cdy> on account of eq (3). Thus, 
the true form of eq (4), valid for any unit of angle, is 



lime_^o(siii d)Kdy = l. 



(5) 



A similar equation would be obtained with tan 6 
instead of sin 6. 

The equations sliowing how to replace the sine 
and tangent of a snndl angle by the angle itself 
follow in tlie correct t form 



sin ^~<^>; tan ^«<^>. 



(6) 



As a consequence, every equation derived from eq 
(3) or (5) should be recalculated. The details of 
the calculations are left to the reader. 

Here are a few results: 

(a) Derivatives of trigonometric functions: 



or 



rf(sin x)ldx= (l/l rad) cos x, 
c/(sin x) = co^ X r/<^>. 



(7) 
(8) 



and analogous expressions for the derivatives of cos 
J, tan X, . . . . An application of eq (7) which will 
be of further use is 



r/(sin o)t)/dt = <Co)y'COs cot. 



(9) 



(b) By comparing the power expansions of 6'^ to 
those of cos X, sin x derived from eq (7), namely 

cos .r=l-^<.r>^+(l/4!)<;r>^ -. . ., 

sin .r--<j>-(l/3!)<j->'+ . . ., 

one readily obtains for Euler's equation the dimen- 
sionalty homogeneous form 

e'<^> = cos .r+i sin x, (10) 

which will be used in the form 

^i<co>i^(.Qg ^^iJ^i sin o)t. 

From ec{ (10) follows 

cosh i<x> = cos x; sinh i<^xy> = i sin x. (11) 

(c) When remembering eq (7) and computing 
again the following integral, one gets 



,[< 



(a2-?/^)-"V2/=(]/lrad) sin"' {yla) + C 
= <sin-' {y/a)> + C, 
and similar expressions for cos~^ and tan~^ 



It can he not iced tliat all the above equations are 
honiog'eneous with respect to dimensions (./• is an 
angle, t the time, y and a any quantities of the same 
dimension; co has the (hmension 9 7""^, if 9 denotes 
the ano-ular dimension): the arguments of trigono- 
metric functions are angles, but those functions 
themselves are pure diniensionless numbers, as well 
as the arouments of hyperbolic functions and the 
exponents. With those equations in mind no 
difficulty can be experienced in setting \\\) the ecjua- 
tions of mechanics. 

Before switching to inechanical equations, let it be 
pointed out that homogeneity can easily be restored 
in Page's scheme for tlie equation 

^^•^=cos 3::+'^ sin x, 

and more generally for the polar expression of any 
complex number, wherein the same problem occurs. 
What needs be done is simply assigning the 
dimension of angle to the complex ^^i^\ Since f^]^ 
= [1] (Page's notation), there is no conflict witli 

as a quantity equation; and as sin .r, in that scheme, 
also has the dimension of angle, tliat would make 
both the exponent ix and the prochict / sin x dimen- 
sionless. 

The unusual feature is that in any c()mj)lex 
number a + bi, a is a numei'ic but b has the (hmension 
of angle (or more generally a has the dimensions of 
the modulus and b those of modulus times angle). 
The appearance of an angular dimension in complex 
number representation would not seem incongruous 
if one remembers that the natural geometric rc^ presen- 
tation of complex mnnbers is in a ])lane. 

But the feature just alluded to implies a furthei" 
consequence. If homogeneity is to be preserved 
throughout, the inniginary part b of any complex 
number a-\-bi nmst have the dimension of angle, 
even when b=]. This implies introducing some 
arbitrary ''unit of inniginary part," say u, wdth the 
dimension of angle, by means of which the complex 
number (a + i) can be wTitten (a + ui). It is then 
obvious that the use of u is completely equivalent 
to putting 

j=ui 

(j dimensionless) and writing 

a+bi=a+{b/u)j. 

Xow the (hmensionless b/u is exactly the expression 
defined by eq (2). In other words, in the suggested 
''homogenized Page's formalism," the equations 
involving complex numbers go over into a form 
equivalent to tliat of the present approach. 

The comparison between Page's scheme and the 
present proposal can thus be summarized as follows: 

In Page's scheme the relations 

rf(sin x)/(rx=cos x; 6'^= cos x-\-i sin x 
are (luantity equations, whereas in the present 



proposal eqs (8) and (10) include explicit reference 
to the radian. But this advantage of Page's scheme 
is, to this writer's feeling, canceled by the necessity 
of either introducing u in the complex mnnbers or 
retaining inhomogeneous equations wherever com- 
plex nund)ers are involved in the ])olar form. 

The only irreducible difference betwcHMi llic two 
approaches boils down to the fact that in Page's 
scheme the dimension of angle is singled out by 
the requirement that [^]^=[1], while all four (hmen- 
sions, as such, are put on an ecjual footing in the 
present approach. (In fact, however, the exjjlicit 
reference to the radian, or to v, also singles out the 
angular dimension in both systems.) Achnittedly, 
this is essentially a matter of taste. 

4. Angular Dimension in Kinematics 

The basic a])pearance of angles in kinematics is 
through angular velocity. The nmtual dependence 
of linear and angular velocities in a circular motion 
is obtained by (hfferentiating eq (1^) with respect to 
time, and ])ntting /' for ds/df and co for dd/df: 



r=<a;>A>. 



(12) 



This equation is dimensionally homogeneous, for 
the dimensional fornuila of co is QT~^; thus that 
of <co> is T~K 

het us now^ investigate a few consecjuences of 
eq (12). From eq (12) the dimensiomdly correct 
expressions can b(^ (hMhiccnl for th(^ rotational kinetic 
energy of a solid: 

for the centrifugal force on a particle: 
and for the law of areas: 

N'd<e>i(:t=c. 

The angular velocity vector O of a rotating solid 
is defined by the equation 



v=12Xr. 



(13) 



It is usually considered to have a length equal to 
the value of the angular velocity co. The dimen- 
sional homogeneity of eq (13) (wliere the cross- 
product symbol is dimensionless) shows that the 
true relation, when angle is considered a fundamental 
quantity, is 

il = <co>, (14) 

wdth the dimensional formula T~^. This dimen- 
sional forjnula is found to agree with the particular 
case of the vortex vector of a fluid: 

in which no angular dimension appears. 
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Binet^s formula expressing the radial acceleration 
of a point obeying the law of areas reads 

jr=-{AVr')\d\\lr)ld<e>'+llrl 

where A is the constant of area. 

And, finally, the radius of curvature iv of a curve 
in a point is defined, in terms of the infniitesimal arc 
ds and the corresponding angular displacement dd 
of the tangent, by 

R=dsld<iey, (15) 

which is a direct application of eq (3). 

5. Angular Dimension in Dynamics 

The appearance of angles in dynamics may derive 
from many of the above equations: 

From eq (6) comes the proper form of the equation 
yielding the shear angle: 



<^|^y = 2T{l + a)|E 



(16) 



(where a- is Poisson's ratio and E Young^s modulus), 
and the physical expression of the nondiagonal com- 
ponents eij of the infinitesimal strain tensor of a 
continuous medium in terms of the shear angles 
relevant to the directions ^, j: 

Also from eq (6) follows the second-order approxima- 
tion of the formula for the period of the circular 
pendulum with amplitude d: 

r=2^(Z/ff)'/2(l + <»>Vl6+ . . .). 

Equation (9) leads to the expression of the equa- 
tion for the harmonic motion of a point on a straight 
line under a central attractive force —ir proportional 
to distance: 

^— (^o/<^<^^) sin bit-\-XQ cos o^t, 
with 

<a;>-(yt/m)^/2; 



(17) 
(18) 



the period is 



r^27r/<^co^ 



and has the correct dimension of a time. 

The analogous motion under a central repulsive 
force -\-kr is deduced from eq (17) b}^ changing k 



into —k in eq (17) and keeping eq (18) as a definition 
of CO ; it reads, thanks to eq (11): 

x=Xq cosh <co>^+(z?o/<co>) sinh <co>^. 

Equations (13), (14) show that the relation between 
the (normal) torque 9JJ on the axis causing a gyro- 
scope to precess, the moment of inertia /about that 
axis, and the angular velocities of rotation and of 
precession is 

9M=:<a)><a;'>/, 

where 2>? has the conventional dimension. 

Equation (15) is responsible for the formulation 
of the law of distribution of tension in a string con- 
strained to lie on a surface with friction, in terms of 
the angle d of rotation of the tangent: 

The same eq (15) would be involved in the study of 
the motion of a point missile in the air with friction. 
The dimensional homogeneity shows that the rela- 
tion between torque, angle of rotation, and the 
torsional constant in a twisted wire is 

which can also be seen theoretically to proceed from 
eq (16). The expression for the torsional period 
follows with the correct dimension: 

T=2ir{iicy''=2T{i<d>my'\ 

6. Conclusion 

The above survey does not claim to be anything 
like an exhaustive study of the introduction of an 
angular dimension in mechanics. It is just a collec- 
tion of examples to show that no disadvantage can 
arise from its systematic use. Actually, this writer 
taught rational mechanics for five years with this 
system of dimensions without ever coming across 
any inconvenience."^ On the contrary, he found the 
new point of view often illuminating since it allows 
an appreciable widening of the scope of dimensional 
analvsis. 
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